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Summary. In a recent paper Deal has postulated a new dynamical equation for
quantum mechanical phase-space distribution functions. We analyze the new
equation and show that it may be related to the traditional standard and
antistandard phase-space representations of quantum mechanics. A brief review
of these and other representations is also given.
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1. Introduction

In a recent paper on phase-space dynamics and quantum mechanics [1], Deal
makes the suggestion that there is no need to invoke any of the usual postu-
lates of quantum mechanics if one bases the description of a physical system on
a phase-space distribution function, %(q, p, f), with a postulated dynamical
equation for the distribution. For an n-dimensional system with a classical
Hamiltonian H(p, q, f) the dynamical equation for 9(q, p, f) is postulated to
be:

Pq,p,t+0ot)=h"" fquo dp, €% (qo, po, D* (H

where ot is small and:
S=—AH bt + Aq- Ap ®)
with
AH=Hp,q0,) —HPo,4.); 49=q9—q0; Adp=p—p,. (3)

The distribution function is assumed to be normalized:

jjdq dp 9(q,p.t) =1 4
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and the average value at time ¢ of any physically observable property F(q, p) is
equal to:

F= fjdq dp F(q,p)2(q. p, 1). 5

In the limit 6z — 0, Eq. (1) yields the identity:
ro

P(q,p, ) =h" | | dgo dpo 4" S (go, po, O)* (6)

[N Y

and by taking an infinitesimal time interval ¢ — df one gets:
~r

6 .
i Dg,p, 1) =h™" | | dgo dpy AH e 29 (q,, po, 1)*. (7N

LV Y

Deal shows that these equations lead to (1) solutions of the form:
g, p, 1) =h~"*P(q, H*a(p, 1) e 7P (8)

where Y(q, t) and a(p, f) are related as Fourier transforms, and (2) the time-
dependent Schrodinger equation.

In the present paper we relate the equations suggested by Deal to the
traditional phase-space formulation of quantum mechanics, in its so-called
standard and antistandard versions. It is a distinguishing feature of the tradi-
tional phase-space representations that they treat states and transitions on an
equal footing. Their dynamical equations will accordingly hold for both states
and transitions. In accordance with this, we shall show that Deal’s equations
hold, not only for states, but also for certain combinations of transitions. They
do not, however, hold for general transitions.

To create a background for our discussion we begin by presenting some of
the main features of the traditional phase-space representations of quantum
mechanics in the following section. Section 3 is devoted to a discussion of Egs.
(6) and (7) and their extensions. Finally, Sect. 4 contains.our conclusions.

For simplicity of notation, we consider only one-dimensional systems
throughout, the extension to several dimensions being straightforward.

2. The traditional phase-space formulation of quantum mechanics

Let [§()> be a normalized state vector in the Hilbert space associated with our
system, and let:

¥lg, 1) = {qp(®)> )
and

o(p, ) = <pl(®)> (10)

be the corresponding position and momentum wave functions, in the notation of
Dirac [2]. They are assumed to be normalized:

qu Ylg, D*Y(g, 1) = Jdp o(p, *P(p, 1) =1 (11
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and are connected by a Fourier transformation (see, e.g. [3]):

Y(g, 1) = /2—71rh Jdp d(p, 1) ePal” (12)
d(p, 1) = /ﬁ qu Y(g, 1) e 74" (13)

all integrations being from — oo to co. Then the quantity y(g, £)*y(q, {) measures
the probability density in position space and ¢(p, H*¢(p, t) the probability
density in momentum space, at time 7. We may also consider the more general
quantities ¥;(q, ))*¥;(g, ©) and ¢;(p, )*¢;(p, ©) which are probability densities
when i and j refer to the same state (; =), and transition densities when i and
j refer to different states (i # ).

Now, let (0, 1) be any well behaved function for which:

f(0,7) =£(6,0) =1. (14)
Then each such function defines a phase-space representation [4]. Thus:
0, 1) = e "2 (15)
and
fa(e’ ’L') — eih01/2 (16)

lead to the standard and antistandard representations, respectively [5], and the
function:

70,7 =1 (17)

gives the Weyl-Wigner representation [6-9]. The latter is often considered to be
the canonical phase-space representation because of its conceptually appealing
properties [10—12]. The various representations are, however, equivalent and
lead to the same physical predictions.

The properties of the representations characterized by Eqgs. (15)—(17) are
summarized in Table 1. In the following we give the general relations from which
these properties may be derived.

For each representation, and for any pair of states,
the distribution function by:

¥, > and i, >, we define

1 o
24, p, 1) = s ijdu do dt e~ e e™f(0, Ty, (u — 3hT, O)*Y,(u + 34, 1).

(18)
With f(8, 1) as given by Eqgs. (15)—(17) it reduces to the expressions 23, 25 and

2Y given in the third column of Table 1 (with the time dependence su;l])i)ressed).
The marginal densities are:

jdp gy(qap’ t) = lpi(qs t)*lpj(qs t) (19)
and
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Table 1. Review of some phase-space representations
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Representation £, 1) 2(q. p) Operator corresponding to ¢"p™
) 1 . A A
Standard em i V(@) e, (p) et 0 P
2rh 4

. 1 . IR

Antistandard eel2 /ﬂ &:(p)*y;(q) e Pl Prgn
bia
. 1 X 12 /m\ .« . .
Weyl-Wigner 1 — ldty,(g —3h0)* =Y orpmQn-r
2n 2" o \r
. 1 2 PN
X W;(q +3ht) e ==Y m) PsQrpm-s
2 s=0\%

1
=—Jde $i(p +300)*
2r

x ¢;(p —3h0) €

Generator of

a(g, p) corresponding
twisted product i

to operator 4

a(g, p) corresponding

to (27h) ="y, X<

(5
exp| —th——
p, 0,
J 0
exp z'h———)
< 0q, op,

[z‘h(a o @ aﬂ
exXpl—{———7—7—
P12 8¢, 0p;  0p1 0g;

jdq’ $gldlg —q'> e~ e"
qu’ g +q'|Alg) e

qu’ {q+3q'|dlqg —5q"> e Pel

2i(q, p)

2i(q, p)

2¥(q.p)

This is easily verified by noting that:

Ja’y e™ =2nd(x — y).

21

Next we construct, for each representation, a one-to-one correspondence
between operators in Hilbert space and functions in phase space. Thus, if
the operator A and the function a(q, p) is a corresponding pair, and:

a(g,p) = de@ dt (0, 7) e™®a+P (22)

we take 4 to be:

A= ”d@ d (8, t)o( 0, ) 'L+

= # ijqu dp d6 dz (6, 1)a(g, p) e "1+ ®) £H0C+D) (23)
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where Q and P are the usual position and momentum operators satisfying the
commutation relation:

[0, P} = if. (24)
We note that this commutation relation implies that:
ei(6Q+rI3) = g2 eioQ eirﬁ = o — 02 eisﬁ e"Q (25)

as a special case of the relation:
e.i eﬁ — €2+§+%[A’B] (26)
which holds when [4, B] commutes with both 4 and B (see, e.g. [13]).

With the definitions given by Egs. (18) and (23) we ensure that the following
result holds in each representation:

A, (0> = deq dp (g, P)2(4, P, ). (27)

This is one of the central relations in the phase-space formulation of quantum
mechanics. For i = it includes Eq. (5).

To proceed, let a,(g) and a,(p) be arbitrary functions of ¢ and p respectively.
It then follows, by manipulating Eq. (23), that the corresponding operators are
simply a,(Q) and a,(P), for all f(0, 7). For more complicated functions the result
depends upon the form of (0, ). As an important example we list in the fourth
column of Table 1 the operator equivalent of the phase-space function ¢”p™, in
each of the representations discussed here. Note that it is only for the Weyl—-
Wigner representation that the corresponding operator is Hermitian. In general,
a real phase-space function a(g, p) corresponds to a Hermitian operator A if
and only if f(—6, —1) =f(0, 1)*.

The fifth column of Table 1 gives the generators of the so-called twisted
product. Let, for instance, a*(q,p) and b%(q, p) be the phase-space functions
corresponding to the operators A and B respectively in the standard representa-
tion. Then the phase-space function c¢%(g, p) corresponding to the operator
C = AB in the same representation is:

o 0
(g, p) = exp < ih E 5—) a*(q, p)b*(g, p). (28)
Here, the subscript 1 on a differential operator indicates that this operator acts
only on the first function in the product a*(q, p)b*(q, p). Similarly, the subscript
2 is used with operators which only act on the second function in the product.

The sixth column of the table shows how the phase-space function corre-
sponding to an arbitrary operator A may be derived from the position- space
representation (q]A l|g’> of the operator. The expressions listed are readily
derived from Eq. (23) by noting that:

e™g> = e®|g) (29)
and

e™lg> =g —h). (30)
The expressions of column 6 allow us to derive the phase-space function
corresponding to the operator:

05(0) = Ilﬁ O>Y (). €2y
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The result is given in the last column of the table. It shows that this function is
nothing but the distribution function 2,(q, p) of Eq. (18), but with the impor-
tant modification that the standard and antistandard distribution functions are
interchanged.

We have now introduced the most fundamental relations of the phase-space
formulation of quantum mechanics and can turn to a discussion of the time
dependence of the distribution function Z,(q, p).

3. The dynamical equation for the distribution function

Let A(Q, P, ¢) be the Hamiltonian for our quantum system, and let |y(7) > be any
state vector. Its time dependence is given by the time-dependent Schrodinger
equation:

0 -
i = (0> = AN, (32)

To determine 8/0t 2,(q, p, t) we may differentiate the explicit expressions in the
third column of Table 1 with respect to 7, and then insert the position or
momentum representation of Eq. (32). It is, however, easier and more instructive
to start from the equation:

. a A iy A A ¥
th = 05(1) = Hoy(1) — &, (D H (33)

obtained by applying Eq. (32) to the expression (31) for §,(#), and then construct
the phase-space equivalent of this equation by means of columns 5 and 7 in
Table 1.

We get, for instance, by working in the Weyl—Wigner representation:

o . [n/oe 6 o6 @&
ih — 97 = - _ _Z_ H™
ih E 25 (q,p, t) =2i sin [2 <5q1 0, Op. 3 qz)} (q.0. 027 (q,p. 1) (34

where H"(q, p, 1) is the Weyl-Wigner phase-space Hamiltonian. In most cases
of practical interest A(Q, P, 1) is the sum of a kinetic and potential energy term,
and hence H™(q,p, ) = H(q,p,?) = H(q, p, 1) = H(q, p, 1), where H(q,p, 1) is
obtained by replacing the operators () and P in the quantum mechanical
Hamiltonian by ¢ and p. In any case the phase-space Hamiltonians can
be obtained by using the information in column 4 (and perhaps column 5) of
Table 1.

To obtain the dynamical equatlon for Zy(q, p, ©) we must, according to the
last column of Table 1, work in the antlstandard representation. We get:

0 3} J 0
J— S —_—— - Ha
if 2 Di(q,p, t) = {eXp(h 201 apz) exp (lﬁ %0 3q )} (g, 0, )235(q, p, 0.
(35)

A distribution function Z;(g, p, t) describes a state when i =j and a transition
when i #j. Hence, Egs. (34) and (35) confirm the statement made in the
Introduction, that the dynamical equations are the same for states and transi-
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tions. We see, in fact, that they are satisfied by any function of the type:
Pq.p. 1) =23 C; D44, p, 1) (36)
i

with arbitrary coefficients.

Equations (34) and (35) may be used as they stand, but in order to make
contact with Deal’s equations we shall now transform Eq. (35) into an integral
equation. To this end we take the expression for 25(q, p, ) from Table 1, ie.:

1 .
23, p, 1) = /% Vg, D*¢;(p, D) eipalt (37)

and replace ¥,(q, t) and ¢,(p, t) by their Fourier transforms as defined by Egs.
(11) and (12). Thus we get:

| )
@0, ) =5~ de% dpo D5(qos Do, 1) €9~ N0~ rolE (38)
where
1 .
a2 = [— ¢ L/ —ipqfh
D@ p. 0 = 5.2 90, 0" (@ De (39
as in Table 1. In a notation similar to that of Eq. (3) we may also write:
1 idg Aplh
@;(qapa t) =ﬂ qu dp era s 9a(q05p01n t) (40)
and, similarly, for any function of the type (36):
S, 1 idq Aplhigpa
P p, 1) =5 | | ddo dpo €™ "D (G0, Po, 1) | - (41)
By comparing Egs. (37) and (39) we see that:
93‘(% P, t) = 9;1(q7 pa t)*' (42)
Hence, Eq. (38) may also be written'
23(q.p, 1) = deqo dpq ™4 21" G5 (go, Po, . (43)

Because the order of the indlces i and j on the right-hand side of this equation
is the reverse of that on the left-hand side, a relation of the type:

1 )
93(%]’, t) It h deQO de etAq Ap/h@x(‘]mpo, t)* (44)

cannot hold for arbitrary functions of the type (36). In fact, it can be true only
when, in the notation of Eq. (36):

{zzcg@;}lzzc s (45)
ie.:

{Z Y €, } =YY, (46)
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This relation holds only for the following functions:

D

and real linear combinations of such functions.

Thus we conclude that Eq. (6), proposed by Deal, is true for any state and
for some, but not all, linear combinations of transitions.

To proceed, we substitute Eq. (38) in the right-hand side of Eq. (35) and
get:

0 1 0 0
ih = B3(0.p. 0 =5 J quo dpo D5(do; Pos t){exp (ma—q@;)

—exp ( ih ai ai)} Hégq, p, f) "9~ 20X —po)lk (48)
Next, we note that:

exp <1h 5(3_ 6i> H%q,p, ) e’ —g0)(p —po)lh

‘ 0
= (P —Po)a— a0/t exp {(qo — q) 6—q} H“(q, P t)

= H%gqy, p, t) '@~ 90)2—Po)/# )

and similarly:

exp (Zhéa_ai> H%q, p, f) e!@~90X2-polt = (g p,, 1) '@~ 20XP=Po)%  (50)

Inserting the expressions (49) and (50) in Eq. (48) gives finally:
0
’h”“ Zi(q,p, 1) = ik JJdQO dpo Z3(qo> Po> 1)
x {Hqo, p> 1) — H*(q, po, )} '@~ 0Xr=r) (51)

or, in a notation similar to that of Eq. (3):

1
o B0, =5

>k JJdQO dp, AH® ¢4 47" (90> Po» 1) (52)

and, similarly for any function of the type of Eq. (36):

1 .
12 2 p 1) == | | dao dpo 4HE e 40hge(qy, po. 0y | . (53)
ot 2nh

Equation (52) may also be written:

1
thg 2. p, D=5~ quodpoAH“ 49 221 % (go, Do, 1) *. (54)
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But the relation:
0 1 )
lh— QS(QsP, t) =a_7 qu de AHaelAqu/hgs(qup09 t)* (55)
ot 2nh

is only true for states and real linear combinations of functions of the type of Eq.
(47). Equation (55) is seen to be identical with Eq. (7) proposed by Deal,
provided that we identify his H(q, p, t) with H%(q, p, ).

Thus, we have arrived at Egs. (41) and (53) as the proper generalizations of
Deal’s equations. They are entirely embedded in the standard phase-space
formulation of quantum mechanics.

For the sake of completeness we close this section by also listing the
following equations which are similar to Egs. (41) and (53) and may be derived
along similar lines, starting from the standard representation:

1 .
@a(%P, Z‘) = ﬁ Jvquo de e—qu Ap/h@s(qos Do t) (56)

and

8 1 .
ih= 2°q,p, 1) =5 de% dpy AH* e =2 %" G%(q,,, py, 1). (57

4. Conclusions

We have given an overview of the traditional phase-space formulation of
gquantum mechanics, including a table with comprehensive information concern-
ing a few specific representations. On this background we have embedded a
phase-space dynamics recently suggested by Deal in the traditional formalism.,
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